We present a collection of multi-parameter polynomials for several mostly non-solvable permutation groups of small degree and describe their construction. As an application we are able to obtain totally real number fields with these Galois groups over the rationals, for example for the two small Mathieu groups M 11 and M 12 .
Introduction
The non-Abelian finite simple groups and their automorphism groups play a crucial role in an inductive approach to the inverse problem of Galois theory. The rigidity method (see, for example, Malle and Matzat, 1999) has proved very efficient for deducing the existence of Galois extensions with such groups, as well as for the construction of polynomials generating such extensions. Nevertheless, the effective construction requires the solution of a nonlinear system of equations, a problem which is known to be very hard from a complexity point of view. Thus, in practice, the computation of polynomials is restricted to rather small degree, to the case of stem fields of genus zero and also to few (mostly three) ramification points. For several applications, for example for the solution of embedding problems, it is sometimes necessary to find Galois extensions of the rationals with given group and with complex conjugation lying in a prescribed conjugacy class. But it is well known (see, for example, Malle and Matzat, 1999, Example I.10 .2) that three-point ramified Galois extensions almost never have totally real specializations, for example.
In this paper we give two-, three-and four-parameter polynomials for certain (mostly non-solvable) groups which, from a certain point of view, correspond to Galois extensions ramified in at least four points, with the property that these admit (infinitely many) totally real, Galois group preserving specializations. For example we obtain a two-parameter polynomial for the sporadic simple Mathieu group M 12 over Q. Suitable specializations then yield totally real number fields with groups M 11 and M 12 .
Background Results
We review some results on rigidity for Galois extensions with many ramification points, as explained for example in Malle and Matzat (1999) . Let G be a finite group with trivial centre and C = (C 1 , . . . , C r ) a tuple of conjugacy classes of G. We writē Σ(C) := {(σ 1 , . . . , σ r ) | σ i ∈ C i (1 ≤ i ≤ r), σ 1 · · · σ r = ι} Most of the polynomials given in this paper generate regular field extensions of a function field of genus zero, whose existence can be deduced from the braid orbit rationality criteria sketched in the previous section. Thus, at least in principle, they could be computed by solving a suitable system of nonlinear equations which can be deduced mechanically from the ramification data (see Malle and Matzat, 1999, Chapter I.9) . But it turns out that in practice the resulting systems of equations are much to complicated and possess too many complex solutions (belonging to different Galois groups) to be solved on present-day computers.
Thus we used the rationality criteria just as an indication that extensions with certain properties exist, and constructed the polynomials in a different way.
interpolation in the Hurwitz space
The first method used was what could be called interpolation in the Hurwitz space. Assume that a regular Galois extension N/k(t) has a rational stem field k(x), i.e. the Galois closure of k(x)/k(t) equals N . Then there exists a generating polynomial of the form f (t, X) = f 1 (X) + tf 2 (X) with f 1 , f 2 ∈ k [X] . If, moreover, N/k(t) has a rational ramification point, which, without loss we may assume to lie at t = ∞, then f 2 (X) is inseparable (or has degree deg(f 2 ) ≤ deg(f 1 ) − 2). In particular, for any two specializations f (t i , X), t i ∈ k for i = 1, 2, the difference f (t 1 , X) − f (t 2 , X) is inseparable, and moreover the degrees of all of its factors are determined by the ramification behaviour at t = ∞.
This can be used in the following way. Assume the rationality criteria predict the existence of a Galois extension N/k(t) with group G having a rational stem field and a rational ramification point. Given "many" polynomials g i (X) ∈ Q[X] with this Galois group we can search for cases where g i (X) − g j (X) is inseparable with the right factorization behaviour. For each such pair, it can be tested whether the polynomial
has Galois group G. In practice this turned out to be true in an overwhelming number of cases.
The one-parameter polynomials found in this way should then be transformed into a suitable normal form, usually by fixing branch points and certain points lying above branch points. Having done this, the resulting polynomials can again interpolated in order to try and add a further parameter, and so on.
Let us illustrate this on a particular example: for the group G = L 3 (2) we consider the ramification type (2 2 , 2 2 , 2 2 , 2 2 , 3 2 ). Assume that f (t, X) generates a stem field K of degree 7 for a regular Galois extension of Q(t) with this branch cycle description. We may replace t via a linear fractional transformation so that its denominator divisor has ramification order 3. Since K is a rational function field (by the Hurwitz relative genus formula) there exists a generating element x of K whose numerator and denominator divisor both lie over the denominator divisor of t. It can thus easily be seen that f can be taken to have the form g(X) + tX
is monic of degree 7 and with vanishing coefficient at X 4 . Starting from roughly 2000 polynomials g i (X) over Q, more than 150 different polynomials g ij (t, X) of that shape were found. Interpolating these yielded several dozen two-parameter polynomials with the right Galois group. For L 3 (2) this procedure could be repeated three times, so as to yield a four-parameter polynomial (see Theorem 4.3). Theory shows that with the ramification types considered, this is the maximal number of independent parameters possible.
Hensel lifting
A more conceptual approach is by Hensel lifting. For the larger groups treated in this paper, only relatively few polynomials f (X) ∈ Q[X] (with reasonably sized coefficients) could be found. The interpolation method then only yielded a few (or just one) oneparameter polynomial with the right ramification type. Let us denote by S the nonlinear system of (algebraic) equations describing all polynomials defining extensions with the given ramification type. This system can be computed from the ramification data. Clearly the coefficients of our polynomial f (t, X) are a solution to S. More precisely, they correspond to one particular choice a 1 , . . . , a r ∈ Q of the four (or more) branch points. Thus f (t, X) may be considered as the reduction of a polynomial h(u, t, X) modulo the ideal (u) of Q((u)) which is the solution of S for the choice a 1 + u, a 2 , . . . , a r of branch points. Hence h(u, t, X) ∈ Q((u))(t)[X] may be approximated from the specialization h(0, t, X) = f (t, X) via Hensel lifting modulo increasing powers of u.
Since the coefficients of h solve an algebraic system of equations, they are algebraic over Q(u). Let a(u) ∈ Q((u)) be such a coefficient. Then there exists a polynomial r(U, V ) ∈ Q[U, V ] such that r (u, a(u) ) = 0 identically. This polynomial r(U, V ) can be found by plugging the (first few terms of the) power series a(u) into the general polynomial of degree d. Its unknown coefficients can then be found by solving the linear system of equations obtained by comparing coefficients at powers of u. (If d was chosen too small, no solution will exist, but after increasing d, a solution will eventually be found.) If the Hurwitz space for the chosen ramification type is rational, there will exist a rational parametrization of all these algebraic equations r(U, V ), by u 1 say, thus yielding a two-parameter polynomialf (u 1 , t, X) for G.
Note that for this to work we have to assume that the starting polynomial f (t, X) corresponds to a simple solution of the system of equations, since otherwise the Hensel method fails.
Hensel lifting as described above has already been used by Granboulan (1996) to find a polynomial with group M 24 ; see also Couveignes (1999) .
verification of the Galois groups
We verify the Galois group of the given polynomials by two standard techniques. First, lower bounds for the group are obtained by factoring (specializations of) the polynomial modulo various primes. By the Dedekind criterion this exhibits cycle types occurring in the Galois group. On the other hand, we prove upper bounds for the group by computing resolvent polynomials of suitable degrees which split off a nontrivial factor.
We also make use of the following consequence of the Hurwitz classification for algebraically closed fields of characteristic zero (see Malle and Matzat, 1999 , Theorem III.6.4).
Lemma 3.1. Let k be a field of characteristic zero and f
have the same number of ramification points with respect to t n . Then the Galois groups of
Indeed, under the assumption on the branch points, both extensions have the same branch cycle description.
The Group L 3 (2)
The group G := GL 3 (2) = L 3 (2) is the second smallest non-Abelian simple group. It has a faithful permutation representation on the seven projective lines of the threedimensional projective space over F 2 . LaMacchia (1980) gives a two-parameter family f (a, t)(X) of polynomials over Q(a, t) with this Galois group. It can be verified that the ramification over Q(a) (that is, with respect to the parameter t) is (2 2 , 2 2 , 2 2 , 2 2 , 3 2 ). We give two three-parameter polynomials with group G, one of which has the LaMacchia family as a specialization:
has Galois group L 3 (2) over Q (a, b, t) . The branch cycle description with respect to t is of type (2 2 , 2 2 , 2 2 , 2 2 , 3 2 ).
Proof. The polynomial f 1 is irreducible, as can be seen by specializing a = b = t = 1 and noting that the resulting polynomial is irreducible modulo 3. Upon replacing t by
(where c := 2 a + b + 2) the polynomial f 1 splits into two irreducible factors of degrees 3 and 4. Thus the Galois group of f 1 has a subgroup of index seven which has orbits of lengths 3 and 4 on the seven points. Its order must hence be divisible by 3, 4, and 7. On the other hand, it cannot be the alternating or the symmetric group, since these do not possess such a subgroup. The only remaining transitive subgroup of S 7 is L 3 (2). ✷
Replacing a by −2 − 3b/2 in f 1 yields a field extension isomorphic to the one generated by the polynomial of LaMacchia.
Theorem 4.2. The polynomial
f 2 (a, b, t, X) : = (X 4 − 2 (b + 2) X 2 + 4 b X − a) ·(X 3 + 2 (b − 1) X 2 + (a + b 2 − 4 b) X − 2 a) + t X 2 (X − 2) has Galois group L 3 (2) over Q(a, b,
t). The branch cycle description with respect to t is of type
Proof. First, the polynomial f 2 is irreducible, as can be seen by specializing a = b = 2, t = 1 and noting that the resulting polynomial is irreducible modulo 3. Upon replacing t by
the polynomial f 2 splits into two irreducible factors of degrees 3 and 4. We can now repeat the argument from the proof of Theorem 4.1 to conclude that Gal(f ) = L 3 (2). ✷ We end this section by giving a four-parameter polynomial with group L 3 (2):
has Galois group L 3 (2) over Q (a, b, c, t) . The branch cycle description with respect to t is of type (2
The proof is as in the previous cases by exhibiting a factorization. In fact, it is sufficient to do this for some specialization of a, b, c which does not change the ramification with respect to t.
For an application of these polynomials see Section 12.
The Group PGL 2 (7)
Theorem 5.1. The polynomial
has Galois group PGL 2 (7) over Q(a, t). The branch cycle description with respect to t is of type (2 3 , 2 3 , 2 3 , 6).
Proof. By looking at the factorization of specializations modulo various primes one proves that the Galois group is twofold transitive. Moreover the discriminant is not a square. Thus either Gal(f ) = PGL 2 (7) or Gal(f ) = S 8 . The ramification with respect to t can be read off from the discriminant. Let us consider the Hurwitz space of extensions of degree 8 with ramification of type (2 3 , 2 3 , 2 3 , 6). Since the number of ramification points is four, the Hurwitz space is onedimensional. The braid orbit criteria give that this space has two absolutely irreducible components, one for PGL 2 (7) of genus 0, one for S 8 of genus 31. Since the polynomial f (a, t, X) corresponds to an irreducible component of genus 0, its geometric Galois group has to be PGL 2 (7). Finally, PGL 2 (7) is self-normalizing in S 8 , so it is also equal to the arithmetic Galois group. ✷ Remark. The polynomial f in Theorem 5.1 has totally real specializations: for example, if a = −2 and −1 ≤ t ≤ 6. One example of a totally real PGL 2 (7) polynomial is given by
The field extension with group L 3 (2) constructed by LaMacchia (1980) is embeddable into a PGL 2 (7) field. Since PGL 2 (7) does not have a faithful permutation representation of degree 7, a stem field of that Galois extension will have degree 8. A generating polynomial is given by the following theorem. Proof. The ramification with respect to t can be determined from the discriminant of f with respect to X. It turns out that this discriminant is of the form t h(a, t) 2 with a polynomial h(a, t) ∈ Q(a, t). Since in their degree 8 permutation representations L 2 (7) consists of the even elements of PGL 2 (7) the second assertion follows from the first.
As in the previous proof one checks that Gal(f ) is (at least) twofold transitive, hence one of PGL 2 (7) or S 8 . But S 8 does not have generating systems of type (2 4 , 2 4 , 2 3 , 6) (while PGL 2 (7) has 12 such systems, and the corresponding Hurwitz curve has genus 0). ✷ Author: 2 3 .L 3 (2) centered baseline dot correct as set?
The affine group AGL(3, 2) ∼ = 2 3 .L 3 (2) has a primitive permutation representation on the points of the three-dimensional vector space over F 2 . A one-parameter polynomial for this group was first obtained by Malle (1987) .
If we extract a square root from a sufficiently general element in a stem field of the four-parameter polynomial for L 3 (2) in Theorem 4.3, this will generate a field extension of degree 14 over Q (a, b, c, t) with Galois closure the wreath product 2 7 .L 3 (2). This has 2 3 .L 3 (2) as a factor group. Thus there is a computational way to obtain a 2 3 .L 3 (2)-polynomial with at least four parameters. This will be quite complicated, though. Here, we content ourselves with presenting a reasonably short two-parameter polynomial.
Theorem 6.1. The polynomial Proof. The ramification can be determined from the discriminant of f . Furthermore, Gal(f ) is at least twofold transitive, as follows by factoring a few specializations modulo several small primes. Since the discriminant is a square, and L 2 (7) does not contain elements of cycle shape 2 2 in its degree 8 representation, Gal(f ) is either 2 3 .L 3 (2) or the alternating group A 8 . The specialized polynomial f (1, t, X) has the same ramification type with respect to t, thus its Galois group over Q(t) equals that of f (a, t) over Q(a, t) by Lemma 3.1. Now consider the irreducible polynomial
splits into two factors of degree 7. Thus the Galois groups of h(t, Y ) and of f (1, t, X) over Q(t)
have a nontrivial common factor group. Since A 8 does not have a transitive degree 14 permutation representation, this only leaves the possibility 2 3 .L 3 (2). ✷ The proof incidently shows that the polynomial h(t, Y ) also has group 2 3 .L 3 (2) and generates the same splitting field as f (1, t, X) .
Let K be a number field whose discriminant is the square of a square-free odd integer and which is primitive over Q. Kondo (1997) has shown that the Galois group of the Galois closure of K/Q is either the alternating group or one of D 5 , L 2 (5), L 3 (2) or 2 3 .L 3 (2). He gives examples for the occurrence of the second and third case, but states that he is not aware of an example with group 2 3 .L 3 (2). We take the opportunity to present a 2 3 .L 3 (2)-polynomial whose discriminant is the square of an odd prime: a stem field of
has discriminant 5717 2 . Similar extensions with group D 5 have long been known; for example
has Galois group D 5 and a stem field has discriminant 47 2 .
The Group 3 2 . GL 2 (3)
The affine group AGL(2, 3) ∼ = 3 2 . GL 2 (3) has a primitive permutation representation on the points of the two-dimensional vector space over F 3 . We present two geometric two-parameter polynomials for this group.
has Galois group 3 2 . GL 2 (3) over Q(a, t). The branch cycle description with respect to t is of type (2 3 , 2 3 , 3 2 , 6.2).
Proof. The Galois group G = Gal(f ) is transitive since f is irreducible. The discriminant of f (a + 1, t, X) with respect to x equals The statement about the ramification with respect to t can be deduced from this. In particular, the Galois group contains elements of cycle shapes 2 3 , 3 2 , 4 2 . This leaves only the possibilities 3 2 . GL 2 (3) or S 9 for G. The polynomial f (a, u, X) with
27 y 3 (y + a) 2 (y − 2 a + 6) splits into factors of degrees 3 and 6, thus G has a subgroup of index dividing 12 which acts intransitively on the nine points. This rules out the symmetric group S 9 , proving the assertion. ✷ By forcing the discriminant to become a square, we may descend to the normal subgroup 3 2 .SL 2 (3) of index 2:
There exists a second class vector of length 4 for 3 2 . GL 2 (3) with rational Hurwitz curve:
(where b := 3a 2 + 2a + 1) has Galois group 3 2 . GL 2 (3) over Q(a, t). The branch cycle description with respect to t is of type (2 3 , 2 3 , 3 2 , 4 2 ).
Proof. We proceed as in the case of PGL 2 (7). First, the Galois group is twofold transitive and odd. The ramification with respect to t follows by computing the discriminant. The Hurwitz curve of degree 9 extensions with ramification (2 3 , 2 3 , 3 2 , 4 2 ) turns out to have two components, one of genus 0 corresponding to 3 2 . GL 2 (3) extensions, and another one of genus 128. Thus our polynomial has geometric (and arithmetic) Galois group 3 2 . GL 2 (3). ✷
The Group Aut(S 6 ) and Some Normal Subgroups
The automorphism group of the symmetric group S 6 has a twofold transitive permutation representation on ten points. A polynomial with one parameter for this group and its four nontrivial normal subgroups was given by Matzat (1984) . Here we exhibit two-parameter polynomials for Aut(S 6 ) and two of its nontrivial normal subgroups.
has Galois group Aut(S 6 ) over Q(a, t). The branch cycle description with respect to t is of type (2 3 , 2 3 , 2 5 , 8).
Proof. The Galois group G = Gal(f ) is transitive since f is irreducible. Write f as f = g(a, X) + t (X 2 + 8). Then the one-point stabilizer of G is the Galois group of f (a, u, X)
Since f (a, u, X) has an irreducible factor of degree 9, G is at least twofold transitive. Moreover, the discriminant of f is not a square. This leaves only the groups PGL 2 (9), S 6 , Aut(S 6 ) and S 10 as candidates for G. The statement about the ramification with respect to t can be deduced from the discriminant of f with respect to x. Since S 6 does not contain elements of order 8 and PGL 2 (9) does not contain involutions of cycle type 2 3 , the ramification now rules out these two groups. It follows from Lemma 3.1 that the Galois group of f is preserved under any specialization of a which does not change the ramification with respect to t. This is satisfied for example for a = 1, so we may now restrict ourselves to considering f (1, t, X). It can be checked that the resultant of f (1, −t 2 , X) and
with respect to t splits into factors of degrees 8 and 12 in X. This shows that G has a subgroup of index dividing 2·15 which has orbits of lengths 4 and 6 on the ten points. The symmetric group S 10 does not have such a subgroup, so we conclude that G = Aut(S 6 ). ✷
The polynomial f (a, −t 2 , X) encountered in the above proof can easily be seen to have Galois group S 6 (in its permutation representation on ten points). We can also descend to one of the other two normal subgroups of index 2:
has Galois group PGL 2 (9) over Q(u, v).
Remark. The polynomial f in Theorem 8.1 has totally real specializations; for example, if a = −2 all specializations with −8 ≤ t < 0 will do. One example of a totally real Aut(S 6 ) polynomial is given by
The polynomial
generates a totally real PGL 2 (9) extension of Q.
The third normal subgroup of Aut(S 6 ) of index 2 is the point stabilizer M 10 of the Mathieu group M 11 in its natural permutation representation. Although f (a, t, X) does not have a two-parameter specialization with group M 10 , it nevertheless admits some specializations with this group. An example of a totally real one is
The two remaining nontrivial normal subgroups of Aut(S 6 ) are S 6 and the alternating group A 6 . Totally real extensions for these can easily be constructed via their permutation representations on six points.
The Group L 2 (11)
It was first shown by Galois that the minimal degree of a faithful permutation representation of L 2 (p) is at least p + 1 except for the cases p = 5, 7, 11. We have already considered the degree 7 representation of L 2 (7). Here we look at the largest case p = 11. The group L 2 (11) has two non-conjugate subgroups A 5 which give rise to the primitive permutation representations of degree 11. In the representation on the cosets of one of these, the other has orbits of lengths 5 and 6. As we did similarly for L 2 (7) we will use this fact to identify L 2 (11) as the Galois group of a two-parameter polynomial. The first (one-parameter) polynomial for L 2 (11) over Q was computed by Malle and Matzat (1985) . Earlier, LaMacchia (1981) found such a polynomial over Q( √ 5).
Theorem 9.1. The polynomial
has Galois group L 2 (11) over Q(a, t). The branch cycle description with respect to t is of type (2 4 , 2 4 , 2 4 , 6.3.2).
Proof. The polynomial f is irreducible, as can be seen by specializing a = 2, t = 1 and noting that the resulting polynomial is irreducible modulo 5. Upon replacing t by
the polynomial f splits into two irreducible factors of degrees 5 and 6. Thus the Galois group of f has a subgroup of index 11 which has orbits of lengths 5 and 6 on the 11 points. Its order must hence be divisible by 5, 6, and 11. On the other hand, it cannot be the alternating group, the symmetric group or the Mathieu group M 11 , since these do not possess such a subgroup. The only remaining transitive subgroup of S 11 is L 2 (11). ✷ Remark. The polynomial f in Theorem 9.1 has totally real specializations: for example, if a = −5 all specializations with −716550 ≤ t ≤ −715599 will do. One example of a totally real L 2 (11) polynomial is given by
The Mathieu Groups M 11 and M 12
The Mathieu groups M 11 and M 12 possess sharply fourfold respectively fivefold transitive permutation representations on 11 respectively 12 points. The first regular extensions over Q(t) with these Galois groups were computed by Matzat and Zeh-Marschke (1986) . We construct a two-parameter polynomial of degree 12 for M 12 admitting totally real specializations, and such that the fixed field of M 11 has genus 0 (with respect to one of the parameters).
Write f (1, t, X) = g(X) − th(X), and set p(
splits into two factors of degrees 9 and 4. This shows that Gal(f (1, t, X) ) is a subgroup of L 3 (3), hence equal to that group. ✷
The degree 9 factor occurring in the factorization of f (1, p(Y ), X) above can be seen to have group 3 2 . GL 2 (3). But its genus with respect to X and Y equals 24, and it is more complicated than the polynomials constructed in Section 7.
It can be checked that the polynomial in Theorem 11.1 does not allow for totally real specializations.
Applications
The polynomials computed in this paper can be used so show the solvability of certain embedding problems and hence to realize further groups as Galois groups over Q.
The Schur multiplier of the simple group L 2 (11) has order 2, and the corresponding non-split central extension is
The only involution in SL 2 (11) is the central one, so all involutions of L 2 (11) lift to elements of order 4 in SL 2 (11). Thus an L 2 (11) extension N/Q embeddable into an SL 2 (11) extension necessarily has to be totally real. It has recently been shown by Klüners (2000) that Serre's criterion (see, for example, Malle and Matzat, 1999, IV.6. 3) applies to one of the totally real specializations of the polynomial f (a, t, X) in Theorem 9.1.
The group PGL 2 (7) has two non-isomorphic non-split central extensions of degree 2. One of these was the smallest finite group not known to occur as Galois group over Q (Porat, 1994) . As pointed out by Jack Sonn, a criterion of his implies that the corresponding embedding problem for PGL 2 (7) can be solved for any totally real PGL 2 (7) extension in which only one prime is ramified. The polynomials constructed in Section 5 have such specializations, for example X 8 − X 7 − 29 X 6 + 111 X 5 − 139 X 4 + 37 X 3 + 32 X 2 − 10 X − 1 with discriminant 107509 3 , so they lead to realizations of this covering group. We finally use the L 3 (2) polynomials from Section 4 to study the moduli spaces of Riemann surfaces of genus 3 and 4. Let M be a Riemann surface and φ : M →Ĉ a meromorphic function. Then the monodromy group G of φ is by definition the Galois group of the Galois closure of the corresponding extension of fields of meromorphic functions. We then also say that M admits G as a monodromy group.
The polynomial f 2 (a, b, t, x) in Theorem 4.2 defines a regular extension K of Q(a, b, t) of degree 7 with Galois closure L 3 (2). Consider K as a function field in one variable with field of constants Q(b, t). With respect to a the ramification is of type (9 · 2 2 ), hence K has genus 3. Since K/Q(x, b, t) has degree 2, K is hyperelliptic, and Q(x, b, t) is its only rational subfield. Thus its isomorphism type is determined by the set of eight ramification points in K/Q (x, b, t) . Calculation shows that varying b, t gives a two-dimensional family of genus 3 extensions.
Similarly, the polynomial f 3 (a, b, c, t, x) in Theorem 4.3 defines a regular extension (a, b, c, t) with Galois closure L 3 (2). Again considered as a function field in one variable over Q (b, c, t) , K has genus 4 and K /Q (x, b, c, t) has degree 2. Thus K is hyperelliptic with unique rational subfield Q (x, b, c, t) . We may now argue as above to obtain: These seem to be the first results asserting a dimension at least two for a proper subgroup of S n . The moduli space of Riemann surfaces of genus 3 respectively 4 is of dimension six respectively nine.
The polynomial f 2 (a, b, −16b 2 − 8b − 1, x) defines a genus 1 extension (with respect to a) of Q(a, b), with j-invariant − (16b 2 − 216b + 9) 3 b(4b + 9) 2 (4b + 1) 2 .
Clearly, for b varying in C this j-invariant takes on all complex values, hence we deduce:
Theorem 12.2. Let M be a Riemann surface of genus 1. Then it admits L 3 (2) as monodromy group.
That is, for any M of genus 1 there exists a covering φ : M →Ĉ such that the Galois closure of the corresponding extension of fields of meromorphic functions has group L 3 (2).
